We consider the easy-plane anisotropic spin-
I. INTRODUCTION
The field-induced gap problem in anisotropic quasi one dimensional spin-1 2 Heisenberg antiferromagnets has attracted much experimental [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and theoretical 9, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] attention in recent years. Two scenarios have been studied in particular.
For isotropic exchange interaction a gap can be induced by the application of a uniform magnetic field in presence of a staggered g-tensor and/or a Dzyaloshinskii-Moriya interaction 16 . This is the case for materials such as Copper Benzoate [1] [2] [3] [4] [5] [6] , CDC [CuCl 2 · 2((CD 3 ) 2 SO)] 7 , CopperPyrimidine [8] [9] [10] [11] [12] and Yb 4 As 3 13, 14 . Theoretical studies have analyzed the excitation spectrum [16] [17] [18] , the dynamical structure factor 17, 19 , the specific heat 20 , the magnetic susceptibility 9, 21 and the electron-spin resonance lineshape 22 . In the materials mentioned above application of a uniform magnetic field H induces a staggered field perpendicular to H. It is the induced staggered field that leads to a spectral gap. The staggered field is generated both by a staggered g-tensor 29 , 30 and a Dzyaloshinskii-Moriya (DM) interaction. The simplest Hamiltonian describing such field-induced gap systems is given by
where h = γH. The constant γ is given in terms of the staggered g-tensor 29, 30 and the DM interaction. In critical systems with exchange anisotropy such as the spin-1/2 Heisenberg XXZ chain a second mechanism for inducing a gap by application of a uniform magnetic field exists. While application of a field perpendicular to the easy plane leaves the system critical, applying a field in the easy plane leads to the formation of a spectral gap [23] [24] [25] [26] 31, 32 .
The purpose of the present work is to extend the theoretical analysis of the staggered field mechanism for generating a spectral gap to the case of the anisotropic 
In what follows we will consider the region −1 < δ ≤ 1 which corresponds to an "XY"-like exchange anisotropy. It is important for our analysis that the staggered field is transverse to the anisotropy whereas the magnetic field is along the anisotropy axis. Only in this case does the low-energy limit map onto an integrable model, the sineGordon quantum field theory. The outline of this paper is as follows: in section II we construct the continuum limit of the model (2) . In section III we derive a spectral representation of the dynamical structure factor at low energies. In section IV we present the calculations for retarded two-point correlation functions. In section V we present our results for the components of the dynamical strucure factors. Section VI summarizes our results. The technical aspects of our analysis are summarized in several appendices: in Appendix A we discuss how the parameters of the lowenergy field theory can be determined from the Bethe ansatz solution of the Heisenberg chain in a magnetic field. Appendices B and C present results for the form factors of the operators entering the calculation of the dynamical structure factor.
II. CONTINUUM LIMIT
In the limit |h| ≪ H, J the staggered field can be taken into account as a perturbation to the low-energy limit of the XXZ chain in a magnetic field. It is well-known that the low-energy limit of the spin-1 2 Heisenberg XXZ chain with XY-like anisotropy |δ| < 1 is given by a free bosonic theory [33] [34] [35] [36] 
where the field Φ(x) and its dual field Θ(x) are compactified
The commutation relation between Φ and Θ reads
where ϑ H (x) is the Heaviside step function, equal to 0 for x < 0, 1 for x > 0 and 1/2 for x = 0. The parameters v, β and k F (see below) in the low-energy theory can be calculated directly from the Bethe ansatz solution on the XXZ chain 37 . How this is done is briefly reviewed in Appendix A. The results as well as the other parameters used are listed in Table I for the anisotropic parameter δ = 0.3. In the continuum limit the lattice spin operators have the following expansions 
where x = ja 0 and a 0 is the lattice spacing. The wavenumbers Q α a are
where the Fermi momentum is given by
Here S z j is the magnetization per site. The continuum fields S α a are given in terms of the canonical boson Φ and its dual field Θ as
where
We are using normalizations such that
The coefficients a(H), c(H) and A(H) have been determined numerically in Ref. [38] . The staggered magnetic field perturbation can be bosonized using (11) - (18) , which leads to a sine-Gordon model
where µ(h, H) = hc(H). We note that as we have chosen to bosonize in a finite magnetic field, the cutoff of the theory is H rather than J. However, it is straightforward to recover the zero field limit (where one bosonizes at H = 0 and the cutoff is J) in the expressions for the structure factor we give below.
A. Elementary Excitations
The sine-Gordon model is integrable and its spectrum and scattering matrix are known exactly [39] [40] [41] [42] [43] [44] . In the relevant range of the parameter β (0 < β < 1) the spectrum of elementary excitations consists of a soliton-antisoliton doublet and several soliton-anti-soliton bound states called "breathers". There are altogether [1/ξ] breathers, where [x] denotes the integer part of x and ξ = β 2 1−β 2 . In order to distinguish the various singleparticle states we introduce labels s ands for solitons and anti-solitons respectively and b 1 , . . . , b [1/ξ] for breathers. Energy and momentum carried by the elementary excitations are expressed in terms of the rapidity θ as
where 
B. Scattering States
It is useful to introduce creation and annihilation operators A † ǫ (θ) and A ǫ (θ) for the elementary excitations. Here ǫ = s,s, b 1 , . . . , b [1/ξ] . The creation/annihilation operators fulfil the so-called Faddeev-Zamolodchikov (FZ) algebra
Here S(θ) is the scattering matrix of the sineGordon model [41] [42] [43] . Multi-particle scattering states of (anti)solitons and breathers are given in terms of the FZ creation operators as
Energy and momentum of these states are
The resolution of the identity in the normalization implied by (25) reads
C. Discrete Symmetries
The Hamiltonian is invariant with respect to charge conjugation
The action of the charge conjugation operator C on physical states follows from
We see that even breathers are invariant under charge conjugation, while odd breathers change sign. The topological charge
is a conserved quantity. We will use the conventions in which soliton/antisoliton and breathers have topological charge ∓1 and zero respectively. 
III. DYNAMICAL STRUCTURE FACTOR
The central object of our study is the inelastic neutron scattering intensity, which is proportional to
Here α, α ′ = x, y, z, k denotes the component of k along the chain direction, and the dynamical structure factor on a chain with L sites is defined as
(32) Substituting the low-energy expressions (6) into (32) we obtain
where x = la 0 , y = l ′ a 0 and S α a (x) are the leading terms in the low energy limits (6) of the lattice spin operators. Using that the expectation value is a slowly varying function of x − y we see that only terms with
contribute to (33) 47 . The dynamical structure factor can be expressed by means of a Lehmann representation in terms of scattering states of solitons, anti-solitons and breathers. Inserting a complete set of states (28) between the operators in (33) and using
we arrive at Here q is assumed to be sufficiently small 48, 49 . We therefore restrict our following analysis to one and two particle contributions. Many matrix elements in (35) are in fact zero as can be established by using charge conjugation symmetry and topological charge conservation. The relevant properties of the continuum spin operators S α s are summarized in Table II . Using these properties we furthermore conclude that at low energies the non-vanishing components of the dynamical structure factor are 1. S xx , S yy in the vicinity of the points k = ±Q;
3. S zz in the vicinity of the point k = 0;
In the following we determine these in the "two-particle approximation", i.e., keeping only terms with n ≤ 2 in the spectral representation (35) . In order to do so we make use of the exact form of the matrix elements entering the Lehmann representation, which follow from the form-factor bootstrap approach 50,51 . We note that as a consequence of charge conjugation symmetry the components of the structure factor in the vicinities of k = Q a and k = −Q a are the same.
IV. CALCULATION OF CORRELATION FUNCTIONS: KINEMATICS
The formalism we employ to calculate the dynamical structure factor can be used quite generally to determine (real and imaginary parts of) two-point correlation functions. The retarded two-point function of two bosonic operators A and B has a spectral representations of the form
Here η is a positive infinitesimal, |{ǫ n , θ n } are n-particle scattering states of solitons, antisolitons and breathers (26) with energies and momenta are given by (27) and (22) respectively. The leading contribution to the spectral sum in (36) is due to intermediate states with one and two particles. Using momentum conservation it is possible to simplify the expressions for these contributions as we discuss next.
A. One-particle kinematics
Resolving the momentum conservation delta function leads to the following result for the one-particle contri-
where a runs over all single-particle labels (i.e. soliton, antisoliton and breathers) and
B. Two-particle kinematics
As two-particle form factors of scalar operators depend only on the rapidity difference, it is useful to change variables to θ ± = (θ 1 ± θ 2 )/2. Resolving the momentum conservation delta function then gives
.
The imaginary part of G AB 2p (ω, q) can be simplified using
Carrying out the θ − integral using the delta functions we obtain
where ϑ H (x) is the Heaviside function and
The two terms in (44) arise from the two delta functions in (41) . Using the results summarized in this section we can determine the one and two particle contributions to both real and imaginary parts of two point functions.
The two particle contributions to the real part involve one (principal part) integration, which is readily performed numerically. In order to determine the dynamical structure factor we only require the imaginary part of several two point functions.
V. RESULTS FOR THE DYNAMICAL STRUCTURE FACTOR
Below we present results for the dynamical structure factor S αβ (ω, Q α a + q) (35) in the regime −1 < δ ≤ 1 and for magnetic fields H < H c = J(1 + δ). We note that if H ≈ H c or δ ≈ −1 the cut-off in the field theory is very small, which limits the utility of our approach. For the sake of clarity we use a particular set of parameters in all plots
These correspond to a magnetization per site of S z = 0.06 (see Table I ) and ξ = 0.174371. The spectrum consists of soliton and antisoliton with gap ∆ ≈ 0.04897J and five breathers with gaps
In order to broaden delta functions appearing in one particle contributions, we introduce a small imaginary part in ω, equal to η = 0.01∆.
A. S xx (ω, k)
In the continuum limit S xx (ω, k) is non-vanishing in the vicinity of the points k = ±Q and π a0 . We will consider both cases in turn. As we have noted before, the response at k = ±Q is indentical as a result of charge conjugation symmetry, so that it is sufficient to consider k ≈ −Q.
In the continuum limit S xx (ω, −Q + q) with q ≪ Q is given by the two-point function of S x 3 with S x 1 (11). This is because vQ is a large energy scale proportional to the cutoff in the theory. Using Table II we find that the following intermediate states with at most two particles contribute 1. Single-soliton states.
2. Two particle states containing one soliton and one breather.
The corresponding matrix elements are calculated in Appendix B. Using the results of section IV to carry out the rapidity integrals we arrive at the following expression for S xx (ω, −Q + q) within the two-particle approximation
Here s is the Mandelstam variable (42), the overall normalization isÃ
where (43) and (45), respectively. We note that S xx (ω, −Q + q) vanishes when q → 0. In Figure 1 we therefore plot S xx (ω, −Q+∆/v) as a function of ω. In order to broaden delta-function contributions we introduce a small imaginary part in ω. Two features are clearly visible: there is a coherent peak corresponding to the contribution of single-soliton excitations at energy at ∆ √ 2. At higher energies breather-soliton continua appear. Their contributions grow with increasing ω because S x 3 is an irrelevant operator. It is instructive to compare our result to the gapless spin-1/2 Heisenberg XXZ chain, see e.g. Ref. [52] . There one has
where ν = 2(β + 1 4β ) 2 > 1. For large ω this increases as ω 2ν , while is goes to zero in a power-law fashion for ω → vq. In presence of a staggered field, the dynamical structure factor (48) has divergence for
, while the large frequency behavior is the same as without the staggered field.
Vicinity of antiferromagnetic wave number: k ≈ π/a0
In the continuum limit S xx (ω, π a0 + q) with qa 0 ≪ π is given by the two-point function of the charge neutral operator S x 2 (13). Using Table II and (30) 2. Two particle states containing one soliton and one antisoliton. 3. Two particle states containing two even or two odd breathers.
Using the results of section IV, we obtain the following expression in the two-particle approximation
Here the single-breather form factors F 
In Fig.2 we plot the dynamical structure factor (51) as a function of frequency. We note that because S rameters we have chosen in the plots.
Next we turn to the yy-component of the dynamical structure factor. In the continuum limit S yy (ω, k) is nonvanishing in the vicinity of the points k = ±Q and π a0 . We will consider both cases in turn.
In the continuum limit S yy (ω, −Q + q) with q ≪ Q is given by the two-point function of S y 3 with S y 1 (14) . Using Table II we find that the following intermediate states with at most two particles contribute to the twopoint function 1. Single-soliton states.
The corresponding matrix elements are calculated in Appendix B. Carrying out the rapidity integrals, see section IV, we arrive at the following expression for S yy (ω, −Q + q) within the two-particle approximation
Here the overall normalization A is given by equation (49), the minimal form factor F min sb k (θ) by (B6), the pole function K β sb k (θ) by (B22) for k even and (B23) for k odd, the functions θ sb k (s) and θ σ sb k (ω, q) by (43) and (45), respectively. We plot S yy (ω, −Q + ∆/v) as a function of ω in Figure  3 . Delta-function contributions have been broadened to make them visible. We see that there is a coherent peak corresponding to the contribution of single-soliton excitations at energy at ∆ √ 2. At higher energies breathersoliton continua appear. Their contributions grow with increasing ω because S y 3 is an irrelevant operator.
In the continuum limit S yy (ω, π a0 + q) with qa 0 ≪ π is given by the two-point function of the charge neutral operator S y 2 (15). Using Table II and (30) we find that the following intermediate states with at most two particles contribute to the two-point function of S y 2 1. Single breather states odd under charge conjugation, i.e. B † 2n+1 (θ)|0 .
2. Two particle states containing one soliton and one antisoliton.
3. Two particle states containing one even and one odd breather.
Here the single-breather form factors F We plot S yy (ω, π a0 ) as a function of ω in Fig.4 . We see that it is dominated by the contribution of the first breather b 1 (the corresponding delta function has been broadened). The contributions from b 3 and b 5 singlebreather states are small in comparison. Similarly, the two-particle b 1 b 2 , ss and b 1 b 4 continua shown in the inset of Fig.4 are negligible.
C. Longitudinal structure factor S zz (ω, k)
We now consider the zz-component of dynamical structure factor. In the continual limit S zz (ω, k) is nonvanishing in the vicinity of the points k = 0 and ±2k F . We will consider both cases in turn.
Vicinity of ferromagnetic wave number: k ≈ 0
In the continuum limit S zz (ω, q) with qa 0 ≪ π is given by the two-point function of the charge neutral operator S z 1 (17). Using Table II 2. Two particle states containing one soliton and one antisoliton.
where the single-breather form factor F The dynamical structure factor (56) is shown in Figure  5 . Note that since S z 1 is a scalar operator, S zz (ω, q) depends on the Mandelstam variable s (42) rather than on ω and q separately. In order to broaden the delta function contributions we introduce a small imaginary part in ω.
The dominant peak in S zz (ω, q) is due to a b 1 breather contribution. The contributions due to b 3 and b 5 breather states are much smaller. The soliton-antisoliton and breather-breather contributions to S zz (ω, q) are barely visible in the figure.
Momenta k ≈ −2kF
In the continuum limit S zz (ω, −2k F + q) with qa 0 ≪ π is given by the two-point function of S Table II and (30) we find that the following intermediate states with at most two particles contribute to the two-point function of 1. Single soliton state.
Here the minimal form factor F min sb k (θ) is given by (B6), the pole function K 0 sb k (θ) by (B22) for k even and (B23) for k odd, the function θ sb k (s) by (43) , the overall normalization isã
The dynamical structure factor (58) is shown in Figure  6 . Here we chose q = 0. The strong low-energy peak in S zz (ω, −2k F ) is due to a one-soliton state. Solitonbreather continua appear at higher energies.
VI. SUMMARY AND CONCLUSIONS
In this work we have determined the low energy dynamical spin response of the anisotropic spin-1/2 Heisenberg XXZ chain in the presence of both uniform and stagered magnetic fields. The uniform field was taken to be along the anisotropy axis and the staggered field perpendicular to it. The qualitative features of the model such as a field induced gap and the formation of bound states are similar to the case of isotropic exchange, which has been previously studied in detail 9, [16] [17] [18] [20] [21] [22] 27, 28 . The main effect of a strong exchange anisotropy is to generate further bound states and increase the binding energy. We have analyzed these effects on the dynamic response and determined for the first time all two-particle contributions, in particular those containing one soliton and one breather. The results obtained here can be used to study a quasi one dimensional array of anisotropic Heisenberg chains in a uniform magnetic field by combining a mean-field approach with an RPAlike approximation [53] [54] [55] . This is of interest in view of neutron scattering experiments on the quasi-1D anisotropic Heisenberg magnet Cs 2 CoCl 4 32 . FIG. 6: One and two particle contribution to S zz (ω, −2kF ) (58) as a function of ω for δ = 0.3 and H = 0.2598J. Deltafunction peak (blue) has been broadened to make it visible. Insert: the soliton-breather two particle contributions.
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APPENDIX A: SPIN VELOCITY, FERMI MOMENTUM AND COMPACTIFICATION RADIUS
In this appendix we summarize how to determine the parameters of the Gaussian model (3), (4) that describes the continuum limit of the Heisenberg XXZ chain in a magnetic field from the Bethe ansatz solution 37 . The velocity, Fermi momentum and compatification radius are expressed in terms of the solutions of the following set of linear integral equations for the dressed energy ε(λ), dressed momentum p(λ), dressed density ρ(λ) and dressed charge Z(λ)
Here the exchange anisotropy is parametrized as δ = cos(γ) and the integral kernel is given by
The integration boundary A is fixed by the condition
The physical meaning of the various quantities is as follows: ε(λ) and p(λ) are the energy and momentum of an elementary "spinon" excitation carrying spin
We note that spinons can only be excited in pairs. The magnetization per site in the ground state is given in terms of the ground state root density ρ(λ) as
The Fermi momentum is equal to
where we have used that ρ(−λ) = ρ(λ). The spin velocity is equal to the derivative of the spinon energy with respect to the momentum at the Fermi points
Finally, the dressed charge is related to β by
In order to determine v and β we solve (A1) numerically, which is easily done to very high precision as the equations are linear. The results are shown in Fig. 7, 8 and 9 . the ground state |0 and one soliton states, two-particle soliton-breather sb n states, etc. In this appendix we determine all one and two-particle form factors. Our results hold generally for the sine-Gordon model in the attractive regime.
One soliton form factors
The one-soliton form factor is
2. S-matrices, their analytical properties and minimal form factors
The soliton-breather S-matrix is given by
The corresponding soliton-breather 3-particle coupling is
Note that by crossing symmetry we must have
The minimal soliton-breather form factor can be obtained combining equations (2.23), (4.19) , and (4.20) of Ref. 51 , which can be summarized as
The soliton-breather S-matrix (B3) then gives rise to the minimal form factor
where R sbn (θ) is given by
3. Soliton-breather form factors
We will calculate the full form factor using the residue condition
where us (B9) The three particle form factor involving two solitons and one antisoliton is
The integration contours C + and C − are constructed as follows. The contour C + runs from −∞ to ∞ in the complex θ 0 plane, passing above the poles at θ p + iπ/2, p = 1, 2, 3. Similarly, the contour C − runs above the points θ p + iπ/2, p = 1, 2, and then below θ 3 − iπ/2 (see figure 10 ). Let us consider the form factor (B10) for rapidities 
As a result the function W (θ 10 )W (θ 20 )W (θ 03 ) has poles
. By construction the contour C − runs between n + 1 pairs of poles at θ 0 = θ b + iπξ 2 (n− 2k), and θ 0 = θ b + δ + iπξ 2 (n− 2k), 0 ≤ k ≤ n, with only an infinitesimal separation δ between them (see Fig. 11 ). As a result the integral over θ 0 exhibits a simple pole for δ → 0. In order to extract the residue of this pole, we deform the "singular" contour C − into a "regular" contour C plus closed contours including one pole from each pair. C is chosen such that the integral over it is finite in the limit δ → 0. The contours C and C − are shown for n = 1 in Fig. 11 .
For general n we then find that
where W res (iv k ) denotes the residue of the function W (θ) taken at the point θ = iv k . We note that W (−δ + iv n−k ) has a simple pole at δ = 0. The regular part of the integral does not contribute to the residue in the right hand side of equation (B8) and in the following will be ignored. Similarly, the integral over C + has a finite limit δ → 0. In order to proceed we need to analytically continue the function W (θ), which can be done using the relation
Using (B16) the residues of W (θ) are readily calculated
The soliton-breather form factors can now be determined from the residue condition (B8)
The soliton-breather form factor can be expressed in terms of the minimal form factor (B6) as
Here N a sbn is a normalization constant given by
The "pole functions" K a sbn (θ) have somewhat different forms for even and odd n respectively and are given by
The operator exp[iaΘ] carries zero topological charge. Hence the non-vanishing form factors with less than three particles involve a single breather, a soliton-antisoliton pair or two breathers. In this appendix we construct these one and two particle form factors.
S-matrices and minimal form factors
The breather-breather S-matrix is
Evaluating the integrals gives
where now k ≤ l, and
The simple pole in S b k b l (θ) at θ = iu bb k+l corresponds to the formation of a b k+l breather bound state. The corresponding residue is
The corresponding three-particle coupling is
The minimal form factor for two different breathers is then
The minimal form factor F min b k b k (θ) involving two breathers of the same type is given by
2. Soliton-antisoliton and one-breather form factors
The soliton-antisoliton form factors for the operators cos(βΘ), sin(βΘ), and Θ,
where G(θ) and C 1 are given by eqs. (B11) and (B13), respectively, and
The single-particle form factors F 
3. Breather-breather form factors of exp(iaΘ)
To calculate two breather form factor F a b k b l (θ 12 ), we will start with the formulas for n-breather (n = k + l) form factor F a b1 (γ) from Ref. 60 ,
The normalization factor G a /2 n/2 is introduce in Ref.
59
Form factor F b k b l (θ 1 , θ 2 ) can be calculated as follows.
• First step, we calculate the residues of the form factor at the point γ n−1 − γ n = −iπξ (γ n−1 = γ
. As a result, we obtain the form factor for n − 2 breathers b 1 and one breather b 2 .
• Second step, we calculate the residue of the k+l−1-particle form factor obtained at the point γ n−2 − γ . As a result, we obtain the form factor for n − 3 breathers b 1 and one breather b 3 .
• Step number l−1, we calculate the residue of the k+ 2-particle form factor obtained at the point γ k+1 − γ (C22)
The n-particle (n = k + l) form factor (C16) depends on γ i − γ j , 1 ≤ i ≤ j ≤ n. Taking into account equations (C21), (C20), and (C22), we can write 
where the manifolds A 1,2,3 are constructed as following,
Then we obtain the following expression for the twoparticle form factor, 
where the pole function K 
